CIHM 
Microfiche 
Series 
(IMonographs) 


ICIMH 

Collection  de 
microfiches 
(monographies) 


Canadian  Instftut*  for  Historical  MIcroraproductiona  /  inatitut  Canadian  da  microraproductiona  hlatoriquaa 


©2000 


Technical  and  Bibliographic  Notes  /  Notes  techniques  et  bibliographiques 


The  Institute  has  attempted  to  obtain  the  best  original 
copy  available  for  filming.  Features  of  this  copy  which 
may  be  bibliographically  unique,  which  may  alter  any  of 
the  images  in  the  reproduction,  or  which  may 
significantly  change  the  usual  method  of  filming  are 
checked  below. 


0 
0 
D 


Coloured  covers  / 
Couverture  de  couleur 

Covers  damaged  / 
Couverture  endommagte 

Covers  restored  and/or  laminated  / 
Couverture  restaur^e  et/ou  pellicula 

Cover  title  missing  /  Le  titre  de  couverture  manque 

Coloured  maps  /  Cartes  g^ographiques  en  couleur 


□   Coloured  ink  (i.e.  other  than  blue  or  black)  / 
Encre  de  couleur  (i.e.  autre  que  bleue  ou  nc 


I  noire) 


I     I   Cotoured  plates  and/or  illustrations  / 


0 
D 
D 


D 


Planches  et/ou  illustrations  en  couleur 

Bound  with  other  material  / 
Reli6  avec  d'autres  documents 

Only  edition  available  / 
Seule  Edition  disponible 

Tight  binding  rriay  cause  shadows  or  distortion  along 
interior  margin  /  La  reliure  serr^  peut  causer  de 
I'ombre  ou  de  la  distorsion  le  long  de  la  marge 
int6rieure. 

Blank  leaves  added  during  restorattons  may  appear 
within  the  text.  Whenever  possible,  these  have  been 
omitted  from  filming  /  Use  peut  que  ceitaines  pages 
blanches  ajout^es  lors  d'une  restauration 
apparaissent  dans  le  texte,  mais,  lorsque  cela  dtait 
possible,  ces  pages  n'ont  pas  6\6  f  ilm^es. 


L'Institut  a  microfilm^  le  meilleur  exemplaire  qui!  lui  a 
6\6  possible  de  se  procurer.  Les  details  de  cet  exem- 
plaire qui  sont  peut-6tre  uniques  du  point  de  vue  bibli- 
ographique,  qui  peuvent  modifier  une  image  reproduite, 
ou  qui  peuvent  exiger  une  modification  dans  la  nri^tho- 
de  normale  de  fllmage  sont  indlqu6s  cl-dessous. 

I      I  Cotoured  pages  /  Pages  de  couleur 

I I   Pages  damaged  /  Pages  endommagdes 


D 


Pages  restored  and/or  laminated  / 
Pages  restaurtes  et/ou  pellicul^es 

Pages  disrol'*..  -"^.  stained  or  foxed  / 


U^   Pages  (if-    ^      -'  tachet^es  ou  piqu^es 
Pages  d»;;     •  co  -  r»ages  d6tach6es 
Showthroug   -    .ansparence 

r~7]   Quality  of  print  varies  / 


D 
D 


D 


Quality  in^gale  de  I'impression 

Includes  supplementary  material  / 
Comprend  du  materiel  suppl^nrwntaire 

Pages  wholly  or  partially  obscured  by  errata  slips, 
tissues,  etc.,  have  been  refilmed  to  ensure  the  best 
possible  image  /  Les  pages  totalement  ou 
partiellement  obscurcies  par  un  feuillet  d'errata,  une 
pelure,  etc.,  ont  6X6  filmdes  i  nouveau  de  fapon  k 
obtenir  la  meilleure  image  possible. 

Opposing  pages  with  varying  colouration  or 
discotourations  are  filmed  twice  to  ensure  the  best 
possible  image  /  Les  pages  s'opposant  ayant  des 
colorations  variables  ou  des  decolorations  sont 
filmtes  deux  fois  afin  d'obtenir  la  meilleure  image 
possible. 


rV]   Addittonal  comments  / 


Paglnaclon  Is  as  follows:   p.    [423]-444. 
Commentaires suppl^mentaires:     La  pagination  est  comme  suit:   p.    [4231-444. 


Thii  Htm  is  filmed  at  Mm  raduction  ratio  chactcad  iMlow  / 

Ca  documant  aat  f  ilm«  au  taux  da  rMuction  indiqu*  ci-dasaeut. 


lOx 

14x 

18x 

22x 

26x 

30x 

/ 

12X 

111 

20x 

24x 

28x 

32x 

Th«  copy  filmad  h«r«  haa  baan  raproducad  thanks 
to  tha  gtnwotiti  of: 

University  of  Toronto  Archives 


L'aKamplaira  fiim4  fut  raproduit  grica  A  la 
SinirositA  da: 

University  of  Toronto  Archives 


The  images  appearing  hare  ere  the  best  quality 
possible  considering  the  condition  and  legibility 
of  the  original  copy  and  in  keeping  with  the 
filming  contract  specifications. 


Original  copies  in  printed  peper  covers  ere  filmed 
beginning  with  the  front  cover  and  ending  on 
the  last  page  with  a  printed  or  illustrated  impres- 
sion, or  the  back  cover  when  eppropriete.  All 
other  original  copies  are  filmed  beginning  on  the 
first  page  with  a  printed  or  Jdustrated  impres- 
sion, and  ending  on  the  last  page  with  a  printed 
or  illustrated  impression. 


Les  Images  suivsntes  ont  M  reproduites  avac  la 
plus  grand  soin.  compta  tenu  de  le  condition  et 
de  le  nettet*  de  I'exempleire  film*,  et  en 
eonformit*  avac  las  conditions  du  eontrat  de 
filmege. 

Lee  exemplaires  originaux  dont  la  eouvarture  en 
pepier  est  ImprimAe  sont  fiimAs  en  commen^ant 
par  la  premier  plat  et  en  terminant  soit  par  la 
darnlAre  pege  qui  comporte  une  empreinte 
d'impression  ou  d'illustrstlon.  soit  par  le  second 
plat,  salon  la  cas.  Tous  las  autres  exemplaires 
originaux  sont  filmte  en  comment ent  par  la 
pramiire  page  qui  comporte  une  empreinte 
d'impression  ou  d'illustration  et  en  terminant  par 
la  dernMre  page  qui  comporte  une  telle 
empreinte. 


The  last  recorded  frame  on  each  microfiche 
shall  contain  the  symbol  — ^  (meening  "CON- 
TINUED"), or  the  symbol  V  (meening  "END"), 
whichever  applies. 


Un  des  symboles  suh/ants  apparattra  sur  la 
darnlAre  image  de  cheque  microfiche,  selon  le 
cas:  le  symbols  -^  signifie  "A  SUIVRE",  le 
symbols  Y  signifie  "FIN". 


IMaps.  plates,  cherts,  etc.,  may  be  filmed  et 
different  reduction  ratios.  Those  too  large  to  be 
entirely  included  in  one  exposure  are  filmed 
beginning  in  the  upper  left  hand  corner,  left  to 
right  end  top  to  bottom,  as  many  frames  is 
required.  The  following  diagrams  illustrate  the 
method: 


Les  csrtes,  planches,  tableeux,  etc.,  peuvent  fttre 
filmis  *  des  tsux  de  rMuction  diffirents. 
Lorsque  le  document  est  trop  grand  pour  itre 
reproduit  en  un  seul  clich4. 11  est  filnU  i  pertir 
de  I'engle  sup4rieur  gauche,  de  geuche  k  droite, 
et  de  haut  en  bee,  en  prenant  la  nombre 
d'imeges  n^cessaira.  'Las  diagrammea  suivants 
illustrent  la  mtthoda. 


1 

2 

3 

1 

2 

3 

4 

5 

6 

nn  oun 

(ANSI  ord  BO  TEST  OMIT  m.  D 


1.0 


IJ4 

IL25 


lii|Z8 

Itt  ^ 

S  lis    12.0 


1^ 

12.2 


U     116 


^ 


/IPPUBD  M^XjE     Inc 

IWbMMki  SkM 


UNIVERSITY  OF  TORONTO 
STUDIES 

PAPERS  FROM  THE  CHEMICAL 
LABORATORIES 


No.  57:    A    GENERAL     METHOD     OF     CALCULATION     IN 
KINETICS,  BY  Ralph  E.  DkLury 

(RBPiu:<TtD  noM  th«  Jourmal  of  Physical  CHitMHT»Y.  Vol.  X.) 


-^ 


f      -• 


\ 


■:? 


'&r. 


^i;T^  AL 


THE  UNIVERSITY  LIBRARY:  PUBLISHED  BY 
THE  LIBRARIAN,  1906 


\h 


1  ir 

if. 

,6- 


COMMITTEE  OF  MANAGEMENT 


Chairman:  Jambs  Loudon,  LL.D., 

President  of  the  University 

Professor  W.  J.  Alexander,  Ph.D. 

Professor  Pelham  Edgar,  Ph.D. 

Principal  J.  Galbraith,  M.A. 

Professor  R.  Ramsay  Wright,  M.A.,  B.Sc. 

Professor  George  M.  Wrong,  M.A. 

General  Editor:  H.  H.  Langton,  M.A., 

Librarian  of  the  University 


•i: 


AOENKRALMHTllODOl'CAI.Cri.ATloN  IN  KIM-TICS; 

TIIK  MKTHOl)  OK  ARUAS.     A  MKTHOP  OK  AP- 

I'ROXIMATI-  I'l'lMXTIVI-  A\  I-RAC.I-S. 


HV  RALPH  E.  HE  I.l'KY 
CONTENTS 

Part  I.    Thkorktrai. 

Introduction. 

Methods  that  have  been  used:  i,  htteirration  hy  paifinl  Jnn  lions  ,• 
ii,  Integration  h\  series;  iii,  Integration  hy  ,  vponentials; 
iv,  Direct  use  of  the  differential  ei/ not  ion. 

The  Method  of  Areas :  i,  C.eneral  case  {measurement  of  the 
area — reverse   or   successive   reactions);    ii,    .S/iecial  case; 

Fix)  ~  A x;   iii,    Approximate   treatment-  methiyt  of 

approximate  ej^ective  averages;  iv,  Application  of  the  above 
methods  to  the  determination  of  the  exponents. 
Part  II.     Practical  Ai'im.ications 

Mr.  Roebuck'' s  Measurements  : 

A.  Comparison  of  different  met  funis  of  computation 

r 

a.— Assuming  A',  \  I\x).dt       o. 


b. — Assuming  ^,       0.021S. 
c. — Comparison  of  t fie  "constants.'" 
B.  Calculation  of  k\  and  K^. 
Mr.  Clark's  measurements. 
Test  of  the  accuracy  of  the  methods. 
Part  I.    Theoretical 
Introduction 
In  recent  investigations  in  Chemical  Kinetics  tliire  occur 
differential  relations  of  the  type, 

''■*        K(A  — J:)'  'B— .v)"(C  — .t)«  (0 

at 

where  I,  m,  n,  are  positive  or  negative,  and  generally,  though 
not  always,  integral.     The  problem  is,  in  any  case,  to  discover 
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values  of  K.  /.  /w,  w  that  suit  the  particular  reaction.  The 
method  of  solving  it.  is  to  assume  values  of  /,  mi,  m,  and  then 
to  examine  whether  for  different  values  of  /  and  the  corre- 
sfMindinK  values  of  x  the  value  of  K  is  constant.  But  to 
do  this  we  need  the  intcKral  of  the  equation  (i),  and  this  in- 
tcKral  can  seldom  be  found  in  a  form  that  lends  itself  to  ready 
computation.  In  such  casis  methods  of  approximation  have 
been  emploved.  A  short  discussion  of  these  methods  will 
first  be  given,  and  this  will  Iw  followed  by  an  account  of  a  method 
which,  thoujjh  implying  in  the  end  a  me(  'lanical  quadrature, 
is  on  its  theoretical  side,  riRorous.  Further,  the  area  as  found 
by  the  planimeter  or  other  means,  represents  a  degree  of  ac- 
curacy quite  as  high  as  the  experimental  data  warrant. 
Method!  that  have  been  used 
(I)  Integration  by  Partial  Fractions 
In  equation  (i)  assume  /,  m,  n,  to  be  positive  integers; 


then, 


A  —  ^)'(B  —  Jr)-(C  —  x)- 


(2) 


Therefore, 


K/ 


The  integration  yields  I  +  m  +  n  —  3  terms  of  the  type. 


L, 


~r^  ■  (A  — err- 
and 3  terms  such  as, 

L,.log,  (A  —  x), 
where  L„  M,,  N,  are  functions  of  A,  B,  C,  which  can  be  deter- 
mined, and  hence  K  can  be  calculated. 

When  certain  of  the  exponents  I,  m,  n  are  negative  the 
integral  is  evaluated  in  a  somewhat  similar  manner. 

This  method  is  the  one  commonly  employed  and  it  im- 


(niiiinl  Mitlmi  of  CtiliiiliUii%  in  himtiis 


\2> 


plus  tliat  /.  m,  n  an-  inti«trs.  Tlu'  lakulation  is  t<nii|»lKati«l 
whtii  siMiif  or  any  of  tin-  |M>sitivi'  ixiM.iuiits  art-  at  all  larnt-. 
For  the  casi-,  I       m       »        i.  the  nuIihs  are  tasily  found. ' 


(II)     iHhanilioH  hySctii's 
licjuation  (2)  may  Ik-  vvrittiii. 


KA'H-CM  <// 


\    '  '  ^  (a  '  u  '  c) 


('  ;,) 


I  i' 


V    2A-' 


(-;)■■" 
■)  ■ 


(4> 


AB 


} 


Thireforf. 
R 


/[•    '    2IA      B"^  J   '   .^  V     -^A  AB  j  J 


(5) 


2   \A 

where  R        K  A'  H"  C",  that  is,  the  initial  rate 

This  siries  is  only  rapidly  converj;eni   when  the  ratios, 

'  ,  ^,  \,  are  small,  and   the   calculation   beeonies   tedious  for 

values  of  these  ratios  greater  than  about  one  fourth. 

This  metluMl  was  used  in  calculatinR  the  values  of  R  in 
the  measurements  of  the  rate  of  oxidation  of  iK)tassiun>  icMlide 
by  chromic  acid.'    The  values  «)f  R  are  very  dose  approxima 
tions.     In  the  case  where  v  was  greatest   ( 1 2  ixrcent  of  the 
least  concentration,  A),  an  error  of  only  1  percent  was  made  by 
neglectiuR  the  fourtli  term  of  the  series  in  (5).     When  the  eo 
efficients  of  v',  x',  etc.  ate  deteiiiiined  for  any  set  of  initial 
concentrations,  the  calculation  of  R  (or  K)  is  then  very  easy; 
this  is  therefore  a  good  method  to  employ  if  there  are  many 
measurements  in  a  set  of  experiments  of  the  same  initial  con- 
centrations. 
Plv'  iJi  ,    -•    nil)     Inlci:.ratio}i  by  I':xpumniials 

This  method  was  intro<luced  by  I'rofs.   W.   Lasl;  Miller 
and  T.  R.  Rosebrugh.'' 

'  Fuhrinanii  ;  Zeit.  phys.  Cheiii.,  4>  89  (>889) 

»  Ue  I.ury  .  Jour.  I'hys    Chem.,  7,  239  ( 1903).     Kxpts.  15.  16.  '7.  ^5-  a6, 


»7- 


»  Trans.  Roy.  Soc.  Canada,  Sec.  3,  73  ( '9"3>- 


^ 
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I'.ijuation  (1)  may  Ik-  transforiiud  into 


\e-z-'  dz  +  r.q^  \  e-'  z^'  dz 


A 


■slq'  \  e-  zy'  dz,  etc. 


(6) 


where    K„  //,  r,  v,  aiitl  =  are  expressible  in   terms  of  A,  B,  C,  /, 
;w,  //,  and   r. 

NunuTical  values  of  certain  of  these  functions  have  been 
computed ;  and  by  means  of  these  tables  the  values  of  K.  can 
be  calculated.  The  method  is  adapted  to  cases  in  which  one 
concentration  is  smaller  than  the  others  and  holds  for  all 
real    values   of   the   exponents. 

flV)     Direci  Use  0}  the  Difjerential  Equation 
W.  C.  Bray  has  recently  described  a  method  for  the  cal- 
culation of  K  from  the  differential  equation.' 

If,  for  example,  the  rate  proceed  in  accordance  with  the 
equation : 

dxldt      K(A       X)  (B--x)»  (7) 

he  calculates  values  of  /•,  defined  by 

dx/aV  -  k{k  —  x) 
from  successive   pairs  of  x  and  / ;  and  from  them  obtains  K  by 
the  relation 

*.        _         *. 


(B-x,)' 


(«) 


*"-   (B-»,)' 

from  which  K  can  be  calculated. 

This  method  is  particularly  good  when  A  is  small  rela- 
tively to  the  other  concentrations.  When  there  are  several 
concentrations  of  about  the  same  magnitude,  and  when  the 
exponents  are  high,  or  are  not  integral,  or  are  variable,  difficul- 
ties arise  in  the  use  of  this  method;  however,  it  should  be  of 
service  in  the  study  of  complex  reactions  such  as  that  treated 
by  Bray  in  the  paper  cited. 

'  Jour.  Phys.  Cbem.,  9,  573  ( 1905). 
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The  above  methods  are  somewhat   hmit-  (her  ap 

pHcati*  '1.  The  last  three  methixls  are  apitr(»xii....;e.  luit  they 
,ill  f'  nish  for  many  cases  approximatiotis  sullieietitly  elost- 
fhr  jIlowitiK  metho<l.  Keneral  in  its  appheation,  evades  i(»m 
putations  except  tliose  nunurieal  reihictioiis  iinHs>>arv  for 
the  t«  instruct  ion  of  the  curv  xives  results  us  accurate  as  tlie 
resuhs  of  the  experiments  sanction,  and  revtals  readily  the 
values  of  the  ex|Kjnents. 

Ths  Method  of  Areas' 
(I)     Gvneral  Case 

Suppose  the  reaction  to  take  place  acconlinjj  to  the  fol 
lowing  equation, 


dx 

lit 


<v.F(.r). 


(•)) 


We  have    'u-n, 


and  therefore, 


V     dx       K\F(v).i// 
X       k\    n^).dl. 


(lo) 


If  the  curve  F(x),  /  be  plotted  as  in  Imr.  i,  where  PQR  is  the 
curve  V(x)'  t  we  h  ve, 

■  This  method  sugKcsted  itself  to  the  writer  in  April,  1905,  while  »tu<ly- 
ing  a  case  of  complex  oxidation:  "The  Rates  of  the  Reactions  in  Solutions 
Containing  Arsenioua  Acid,  I'oUaaium  Iodide,  Potassium  Bicliromate.  an.l 
Sulphuric  Acid."  which  is  about  to  be  pubHshe<l.  While  writinK  the  i>resent 
paper  his  attention  was  called  to  the  article  on  UiH/.rf  (;.v,7ia.i«,//K*'i' by  A. 
Fuhrmann  (Zeit.  phys.  Cliem.,  4,  52°  (1889):  also,  "  Differential  un.l 
Integralrechnung"  bv  the  same  author),  who  has  jjiven  an  excellent  malhemalical 
treatment  of  the  subject  of  owagc  rate.  The  writer  knows  of  no  instance 
where  the  ideas  given  in  this  paper  have  been  applied  in  the  study  of  Chemical 
Kinetics. 
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=  K 


•  to 


K  X  area  (OPQRT). 


(lO 


By  methods  described  below,  the  area  (OPQRT)  can  be 
found  accurately  and  hence  the  constant  K  can  be  calculated 


Fig.  I 

for  any  assumed  indices  in  the  function.  F(rc),  and  in  this  way 
the  appropriate  exponents  can  be  determined. 

Measurement  of  the  Ana 

By  using  the  experimental  values  of  x,  or  preferably  those 
taken  from  the  x,  t  curve  (as  in  Fig.  2),  the  function  P{x) 
can  be  calculated,  and  the  curve  F(x),  <  (as  in  Fig.  i),  can 
b  plotted  on  section  paper  to  a  suitable  scale  (as  large  as  pos- 
sible),    (a)     The  areas,  \    F{x).d/,  cnn  then  be  quickly  found 

by  means  of  a  planimeter.  A  good  instrument  will 
enable  the  operator  to  find  the  areas  in  question  as  accurately 
as  the  curve  can  be  plotted  (see  Table  VII,  Part  II).  If  a 
planimeter  be  not  available  the  area  may  be  calculated  by 
employing  certain  approximate  formul  s  for  the  area. 

(6)     By  regarding  the  area  as  made  up  of  a  series  of  tra- 
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peziums  of  equal  base,  A/,  the  area  is  expressed  approximately 
thus, 


Area  -  A/(F„  +  F.  +  F,  -f f  F,)  -  A/. 


F<,  +  F, 


(12) 


where  F^,  F„  F„  ...  .F„  are  the  values  of  I'(.v)  when  /  -  o. 
M,  2M, .  .  .  nAt.  This  formula  is  easily  applied  and,  in  Reneral. 
gives  close  approximations  without  taking  n  very  large. 

(c)  Some  of  " Simpson's  Rules'"'  may  l>e  applied,  or  the 
squares  of  the  section  paper  may  be  counted,  or  if  the  paper 
is  sufficiently  heavy  the  areas  may  be  found  by  weighing. 


Reverse  or  Successive  Reactions 
Suppose  we  have, 
dx 


(it 


K,.F,(.v)  ±  K,.F.,W 


then, 


X  =  kA    F.W.rf/  ±  K,\  F.W.rf/. 


(13) 


(14) 


This  is  the  general  relation  showing  the  progress  of  a 
reaction.  In  many  cases  the  amount  of  change  due  to  reverse 
or  successive  reactions  is  negligible;  sometimes  also  there  are 
instantaneous  successive  reactions:  in  such  cases  equation 
(10)  would  be  used  in  place  of  equation  (14)-  When,  how- 
ever the  change  due  to  reverse  or  successive  reactions  is  not 
negligible,  bv  plotting  F.f.t)  and  F,(x),  the  values  of  K,  and 
K,  can  be  found  by  means  of  equation  (14).  any  two  experi- 
mental  values  of  x  with  their  corresponding  measured  areas 

being  used. 

Equation  (14)  generally  takes  some  such  form  as, 


\ 


^  _    K,  \  (A  -  .r)'(B  -  xr.at  -  K,  \  (C  -  x)"(D  -  xy.dl.      ( 1 5) 

.1  •'° 

'  See  WilliHiiisoirs  Intesral  Calculus,  p.  ill. 


i 


*i'': 


tli 
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It  may  be  possible  to  determine  one  of  the  constants  by  choos- 
ing conditions  such  that  the  amount  of  change  due  to  the  other 
rate  is  neghgible.'  In  many  cases,  however,  this  is  not  neces- 
sary, asequation  (15)  is  easily  applied. 

(II)     special  Case:  T?{x)   =  A  —  ar 
Let  equation  (10)  take  the  form, 


'{ 


(A       x).dl. 


(16) 


Then, 


K(A/  — \   x.dt) 


•  'o 


=  K.  I  area  (OPQT) 
=  K.  area  (OPQRS) 


area  (OSRT)} 


(«7) 


Fig.  2 
where  ORS  is  the  curve  x,  t  (Fig.  2),  and  OP  =  A. 
Also, 


^  =  K(A 


■{ 


x.dt) 


(.8) 


where  ^  is  the  average  rate  during  the  interval  .  ^  o  to  t  =  t. 


'  As  in  the  case  of  iodide  oxidation  by  arsenic  acid  :  S^f^  Part  11,  Table  I, 
for  applications  to  this  case. 
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and 


•'o 


x.di  is    the  effective  average  value  of     A  —  x.  that 


is,    the"  effective     average    concentration    of    the    chemical 
represented  by  A.     Writing  X  for  the  effective  average  value 


of  X  that  is,  for     \   x.dt,  we  have, 


i 


X 

7 


K.(A  — X). 


(19) 


(III)     Approximate  Treatment:    The   Method  0/ Approximate 

Effective  Averages 
By  extending  the  idea  of  effective  averages  a  useful  approx- 
imate formula  is  obtained  as  follows :  If  the  reaction  be  rep- 
resented by   the  equation, 

^f  =  K(A  — Ar)(B  — Jr)'-(C  — JT)-  (.-;o) 

at 

where  B  and  C  are  large  relatively  to  A,  we  have  as  a  first  ap- 
proximation 


X 

t 


K(A-X)(B-^)-(C-^)' 


(21) 


where  X,  as  used    above,    has   the   value  ^  \   x.dt.  A  much 

•  'o 

closer  approximation  is  furnished  by  the  following  equation, 

K(A  — X)  (B  —  X)"  (C  — X)-  (22) 


X 

1 


where  A  —  X,  B  —  X  C  —  X,  are  approximate  effective  aver- 
age concentrations.  Under  certain  conditions  equation  (22) 
is  a  very  close  approximation  (see  Tables  of  Part  II).  The 
smaller  the  value  of  m  -f-  n  ihe  closer  the  approximation; 
it  is  therefore  very  close  when  some  of  the  exponents  are 
negative.  The  difference  between  (22)  and  the  exact  equa- 
tion (10)  cannot  be  easily  expressed  mathematically. 


.„ 


f; 


111 


!•'. 


(IV)     Application  of  the  Above    Methods  to  the  Determination 

oj  the  Exponents 
(a)     Equation  (22)  may  be  deployed  in  the  form, 
o       log  K    I    log  (A  —  X)    I   w.log  (B  —  X)  + 

».log(C  — X)  — log*      (23) 

Pv  using  a  sufficient  number  of  values  of  x  and  /,  the  numbers 
K,  m,  n,  may  be  calculated  approximately. 

(ft)  For  any  assumed  exponents,  equation  (10)  can  be 
easily  tested.  F(.r)  is  calculated  by  logarithms  and  if  these 
be  put  down  systematically  it  will  be  an  easy  matter  to  calcu- 
late this  function  for  various  sets  of  exponents.  However, 
the  following  method  may  be  employed : 

Suppose, 

dx=K./,{x)./.Xx)  (24) 

where  f,(.t)  and  f,(x)  are  functions  of  x.  If  }Jx)  be  plotted 
and  /,(Jr)  be  a  simple  function  (such  as  A  —  .v),  we  have  as  a 
close  approximation. 


X  --/.(X).  \  A{x).dt. 


[ 


(25) 


For  example,  if, 


we  have  approximately, 

«  =  K.(A  — X)^    (A 


x)'  (B  —  x)"  (C  —  x)"  .  dt 


ar)'-'  (B  — x)"  (C  — a;)".rf/       (26) 


where  r  is  supposed  small  (f.g..  r  =  i).  So  that  if  the  function 
had  been  plotted  for  the  exponents  /  —  r,m,n  the  values  of 
K:(A  —  :r)'  and  hence  of  K  can  be  found  very  closely  by  means 
of  equation  (26).  This  approximation  will  be  of  use  in  tracing 
the  change  in  r  where  r  is  variable,  as  in  the  case  of  iodide  oxi- 
dized by  chromic  acid   mentioned  above). 
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Part  II.  Practical  Aituicaions 
In  the  following  applications  of  the  forcKoinR  principks. 
the  curves  used  in  measuring  the  areas  were  plotted  to  a  suit 
able  scale  on  millimeter  section  paper.  The  areas  were  meas- 
ured by  means  of  a  planimeter,  the  arm  being  adjusted  so  that 
a  reading  of  looo  corresptmded  to  loo  s(iuare  centimeters. 
No  difficulty  was  expi-rienced  in  getting  duplicate  reuilings  to 
agree  (see  Table  VII).  These  readings  were  then  reduced 
to  the  proper  unit. 

(/)  Mr.  K()(ltiick\'<  iiuasiirniioits  on  the  Rates  of  tin  A'l- 
aclioHs  in  Solnlions  rontninins:  Arsinions,  .Usini(\  and  Sul- 
phuric Aciils,  Lulinc  and  lodidi}     (Table  1). 

{A)  Comparison  of  Different  Methods  of  Calculation 
This  case  is  chosen  as  it  affords  a  ready  means  of  comparing 
the  results  of  several  methods  of  calculation,  nam?ly,the  exjw- 
nential  method  (employed  by  Roebuck  in  his  original  papers, 
Bray 'smetho<l  of  employing  thediffeiential  eciuation.  the  melluMl 
of  areas,  and  the  method  of  approximate  effective  averages. 
When  iodice  is  oxuiized  by  arsenic  acid,  the  arsenious  acid 
and  triiodide  formed  react  reversely.  According  to  RcK-buck, 
the  law  governing  the  reaction  (apart  from  a  sli-'.t  deviation 
in  the  exponents  of  the  concentrations  of  iodide  .sulphuric 

acid)    is    as    follows, 

^J-K,(C-*)(D-^)(E-JC)      K,AC      -O'Cn -.»)-'.  (27) 

where  x  denotes  the  amount  of  triiodide,  and  therefore  the 
amount  of  arsenious  acid  formed,  and  C,  I),  V.  <lenote  respec- 
tively the  amounts  of  potassium  iodide,  sulphuric  acid  and  ar- 
senic acid  initially  present. 

For  this  case  then,  equation  (14)  assumes  the  form  : 

x.-K,\   F,(x).r//-KA    F,(x)..// 


'  Roebuck:  J>»r.  IMiys.  Clietn.,  6,  36s  (190;;  ;   9,  7^7  (  '9"5) 
Bray  :  Ibid.,  9,  573  ('905) • 


Spp   also 


L 
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(C— *)(D— Ac)(E-xy/ 


r'.(C  —  X)-'  ( D  -  *)-<//.      (28) 


In  Roebuck's  notation.  K,  is   Aj^A'-',  and  K,  is  *,.V,  where  V 
is  the  volume  in  litres. 


(a)     Assuming 


If  we  neglect  the  second  term  (representing  the  rate  of  oxi- 
dation of  arseniousacid  by  triiodide)  we  may  calculate  k^,  which 
will  then,  of  course,  vary  (in  most  of  Roebuck's  measurements 
this  variation  is  negligible),  by  means  of  the  equation, 


X-  *..V- 


A    (C-x)(D- 


x)(n  —  x)dl 


or  approximately  (see  equation  (22)), 

X  -  *,.¥-»/  (C  —  X)  (D  -  X)  (E  -  X) 


(29) 


(30) 


where  X 


■{,... 


that  is,  the   effective   average  value  of 


X  for  the  interval  t. 

The  curves  F,(;r),  t  and  x,  t  were  plotted  (as  in  Fig.  3),  the 


areas,  \   F,(;r).d/  and\  x. 


dt  measured,  and  the  values  of  k^  cal- 


culated employing  equations  (29)  and  (30).  The  con- 
stants thus  calculated  are  denoted  by  (29),*,  and  (2,0)  K 
in  the  following  table.  In  this  table  the  values  of  /,  x,  and 
jk,  are  taken  directly  from  Roebuck's  Table  XXVIII.  The  val- 
ues of  (dif),fej,  that  is,  the  constants  calculated  by  using  the 
differential  equation  (see  equation  (8)),  arc  taken  from  Bray's 
Table  XXVIII. 
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(h)     .IssuMiinir  k^       n.jS 

Till-  constant    (?,\),k^  >«  calculated  from  equation   (28), 
assuming  the  value  of  Jk,  to  \yc  0.28  (as  Hray  does  in  calculat- 


3000 


Fig.  3 


ing  (dif),*j).  For  making' this  calculation  the  curve  F,(-v),<  was 
plotted,  and  fnm  the  areas  measured,  (3i).*s  was  obtained  by 
means  of  the  relation, 


^  +  *..V.\  F,(x).d/ 


k^  =  (29),  k„. 


{ 


(30 


(f)     Comparison  of  the  "  Constants  " 

It  will  beseen  from  Table  XXVIII  that  {y-S)M^  is  practically 
identical  with  the  "constant"  (29),*^,  while  k^  which  was  cal- 
culated by  the  exponential  methocl  grows  smaller  and  smaller 
as  X  increases,  as  would  be  expected.  A  comparison  of  (3i),fes 
and  (dif),*j  shows  the  latterto  besomewhat erratic.  Thereason 
that  the  various  approximations  are  so  close  to  those  calculated 
by  the  area  method,  is  that  C  and  D  are  much  larger  (seven 
times)  than  '?. 


Ill 


ill 


II 


ill; 
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{/{)     Ciihulaiioii  of  K,  and  A",  .Issumittp,  the  Exponents 
as  in  Equation  (28) 

K,  and  K  were  calculated  from  equation  (28),  the  two 
values  of  x  necessary  in  each  case  In-infj  taken  from  successive 
measurements  in  Roebuck's  Table  XXVIII. 

From  these  numbers  the  constants,  (28), fe^  and  (28).*, 
were  calculated  from  the  relations,  K,  =  (28),  fej.V"'  and  K,  -= 
(28),fe,.V.  The  value  of  (28),*,  is  the  same  as  the  initial  value 
of  (29),ifes  in  calculating  which  the  other  rate  was  neglected : 
this  is  natural,  as  of  course  the  other  rate  is  practically  zero 
at  the  iK'RinninR  of  the  experiment.  The  constant,  (28),*3, 
is  found  to  be  0.049,  that  is.  about  one-sixth  the  value  of  k, 
(viz.,  0.28)  found  in  experiments  where  the  concentrations  were 
very  different  from  those  of  Table  XXVIII.  This  points  to 
a  change  in  the  constant  itself  or  (as  Roebuck  supposed)  to 
a  change  in  the  values  of  the  exponents,  and  shows  that  the  two 
assumptions,  viz.,  that  Jfe,  =  0.28,  and  that  the  exponents  are  the 
same  as  in  equation  (28).  cannot  both  \)c  true  for  concentrations 
such  as  those  used  in  the  experiments  of  Roebuck's  Table 
XXVIII.  It  is  consequently  not  surprising  to  find  that  the 
ions' ants  (31), k,  and  (dif),^^  rise  in  value— either  the  correc- 
tion for  the  rate  of  oxidation  of  arsenious  acid  by  triiodide  is 
too  great,  or  the  exponents  of  the  other  rate  are  too  low.     It 

is  also  not   surprising  that   ,',  calculated*  on  the  above  two 

assumptions,  is  five  or  six  times  greater  than  the  equilibrium 
constant ,  K„, '  which  is  calculated  on  the  one  assumption .  Since , 
moreover,  the  numbers,  (2S),k,  and  (28),fe.  (in  the  following 
Table  I),  are  calculated  on  the  o/ir  assumption  that  the  expo- 
nents are  the  same  as  in  equation  (28,,  their  quotient  (the 
equilibrium  constant)  should  be  the  same  as  K„'  of  Roebuck's 
Table  XXXIII,  which  was  calculated  on  the'same  assumption. 


•  Roebuck  :  Loc.  cit.,  ^.  396,  r- 

"■» 

_  °-- ^ 
3^  X  lo-'" 

»  Ibid  :  Table  XXXIII,  p.  395- 


0.28 
3.26  X  It 


=^  8.6  X  to*,    or    better, 


General  Method  of  Calculation  in  h'inetics 


457 


(O 


the  concent  rat  kms  l>ciiiK  alxiut  the  s;inie  in  the  t\v»»  tables. 
Such  we  find  to  Ik-  the  case,  for, 

(28).*,  o.o4.>  ,        .    ,„^.a„aK.        i.s:     >o\ 

(28),X-,        3-7    ■    >o-' 

It  Is  probable,  however,  that  this  value  of  the  e<iuilibriutn 
constant  is  not  correct,  since  the  exiKMients  (»f  the  e«iuation 
(28)  do  not  hold  for  the  concentrations  of  the  table  from  which 
it  is  calculated   (see   Roebuck  s  second  paiK-r). 

Mr.  Clark's  ll'ork  on  the  Kate  of  Oxidation  of  linlide  hy 
liromate  in  Acid  Solution 

Mr.  R.  H.  Clark  gives,  in  a  paper  about  to  la-  published, 
the  following  equation  to  represent  the  rate  of  oxidation  of 
iodide  by  bromate  in  acid  solution, 

''7  =  K(A  —  :t)  (B  —  X)  (C  —  xf  (.^2) 

at 

where  A,  D,  and  C  denote  the  amounts  (in  ecjuivalents)  of 
bromate,  iodide  and  acid  respectively,  initially  present,  and 
X  denotes  the  amount  (in  the  same  unit)  of  iodide  oxidized 
in  i  minutes.  Several  investigators  (see  the  above-mentioned 
paper)  have  studied  this  reaction,  but  have  not  interpreted 
their  measurements  as  in  (32).  Some  of  their  measurements 
have  been  recalculated,  employing  the  approximate  equation 
(sce'equation  (22)), 

*  =  K/(A  —  X)  (B  —  X)  (C  -  X)'  (33) 

and  also  by  using  the  exact  relation, 

X  =  K.  \    V{,x).dt 


X" 


\ 


=  k\    (A  —  x)  (B  -  jr)  (C  -  x)\di. 


(34) 


Most  of  the  measurements  (as  in  Tables  II-VI)  could  not  be 
recalculated  by  any  of  the  mctlwxls  of  approximation  descrilK-d 
in  the  preceding  part,  and  since  the  reaction  is  of  the  fourth 
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onkr  tlif  imllKxl  (if  inti«ratiii«  by   partial  fractions  wouhl 
lead    t<i    rather    involved    computation. 

In  Tables  II  \' I  are  Kivui  recalculations  of  soine  of  Ma« 
naninis  measurements  (see  Mr.  Clark  s  pajxr  for  otliersi. 
Thesi-  tah'es  are  chosen  as  they  afford  a  means  .)f  cotiiparini; 
the  approximate  equation  (3.O  with  .he  i  xacl  ..|uation 
(^4>;  the  constants  as  calculated  l»y  the>e  melhotls  are  denoted 
in  the  tables  by  (.V^t.  1^  i^d  (34).  ^  resixctively.     X  is  written 

for  the  effective  avcraKC  valiti    of  t.  that  is.  for  M     »  ,//,  and 

Fft),  as  in  (34).  >»  written  for  (A  -    x^  (H        vi  (C        ^)^ 

The  fall  in  the  constant  (34).'<-  '"  the  earlier  tables,  as 
also  the  change  in  this  "constant"  from  table  to  table,  is 
possibly  due  to  the  fact  that  A.  B,  and  C  are  the  analytical 
and  not  the  ionic  concentrations. 
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xdl 


X       (33),K.i<«:   io-'.I-'(.r)  ic 


F(i).<//  (34),K.io' 


2 

1    2-<M 

2   24 

I  .  12 

79 

9.S7 

245 

i        83 

4 

'  .V.7 

7   76 

I   94 

8<) 

626 

,^8.S 

82 

6 

.1.9.^ 

14  .sfi 

24.^ 

79 

448 

486 

81 

8 

4  .sz 

2.;  «' 

2  88 

81 

.^.^> 

,S.S8 

81 

10 

4  9" 

.^2  7 

,^27 

81 

267 

615 

80 

II 

5  .>8 

.^7   .S 

.V4" 

82 

2.^0 

640 

■        79 
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T.Mti.i:  VI 
A,  11.11  ;B.  7  4';C.  574;  Vt>>-  ""^c- 


[ "" 


X        (33>,K.i<>'   n>-^Fn)    10    A  Tn  1  r//    1341. K. 10' 


2 

2  SS 

J  <>J 

I   4'» 

70 

i.'Si 

4 

.■>,  '>4 

')  ,s'> 

2  7« 

75 

1  '  * 

6 

4  72 

iH    1 

.V<" 

74 

477 

7 

515 

2}    -' 

(,V7>) 

(7'>) 

;<i8 

8 

,S  ,V< 

28    1 

.<  51 

1  i 

\,2h 

.<7'»  '••'< 

,S''.S  7' ' 

'•7i  7" 

7i(.  7-' 

74  <  7-' 

In  all  of  the  alM)Vf  tables,  it  will  he-  stin  that  f<»r  small 
values  of  x,  the  "constant    '   ^y?,),^  and   i.ui.K^  are  pr  eti 
cally  equal.     As  x  increases,  lunvever,  the  former  irr  ..u'ally 
Krows  larKcr  than  the  true  "cc   .  lant "  (.U*.K,  sho\vin«  that 
the   approximate  value  of   r.  namely, 

K/(A  —  X)  (B        X)  (C  —  X)^  (fr«)m  ciiiiatiuii  {t,},)) 

Rradually  falls  off  from  the  true  value. 

K  \  (A  —  X)  (B  -  x)  (C  —  xy.dt,      (from  equation  (.^4) ) 


\ 


as  X  increases.     The  difference  between  these  exjiressions  be 
comes  less  and  less  as  C  is  increased,  until  when  C  becomes  four 
or  five  times  the  value  of  A,  as  in  Tables  I\'  and  \',  the  two  ex 
pressions  becom*'  -H-arly  etiual;  this  is  shown  by  the  fact  that 
(7,7,)  K  and  (34).K  are  nearly  equal  in  these  tables.      Hence 

in  jjeneral  we  have  as  a  close  approxnnation,  if  ^  be  not  i^reater 
than  ','2, 


x-=K.\    {\-~  xy-'ll  -^  K/(A        X)-'. 


(VS) 


{!))  Tid  oj  the  Accuracy  of  the  Method  oj  Areas,  ami  the  Methinl 
of  Approximate  Efjecthe  Averages 

The  approximation  (35)  may  Ik-  tested  by  assuming;  val- 
ues of  K,A,.r,  and  the  consequent  values  of  /,  and  constructing 


Ml 


■ii 


442 


Ralph  /■:.  Ih  l.inx 


till'  two  iKctssary  curves:  a  suming  K        i,  A   -    10,  and  for 

A  the  values    I,  2,  3,  4,  ,s,  6,  the  va'ues  of     (from  the  ((|uation 

I  1  I       2       ^      4       S      f^'  •      1 

/  -.    _  —       )  become       ,  ,^,   ,       ,  /  -   "   •       •  resiK-ctively. 

Willi  these  values  of  v  and  /,  the  curves  x,  i  and  (A  -    xY,  t  were 
plotted  and  the  two  expressions  for  x  in    ecjuation  (35)  were 


ca'eulated  from  the    measurements    of 


the    areas  \  x 

t'o 


.di  and 


(A  -    -v)'.(/  as  made  by   the   planimeter.     I'nder  the  word 


"Reading"  are  given  duplicate  readings  of    the  planimeter 
for  the  areas  in  (luestion  (Table  VI),  and  X  has  its  former 

meaning,  namely,'^  A    x.dt.     The    areas    are    expressed  in  the 

•'o 


proper  unit. 


Table  VII 


Rea.^iiiK       \     i'/'  ^      /(lo  — X)-      Read 


r 

mg      \    (  10  ■ 


xfdt 


0.01 1 1    i.<K)      2y,     2},  o  fK)575  0  518 

0.0250  2.00    104;    10300260  104 

0.0428   .^.ixj    284;    28,^00707  1.65 

00667   4  (X)    624;   626  o   i,s6  2.34 

O.KKK)     5    (K)    I2?4;  1226    O    .306  306 

o .  i,5rK)   6.00  2332 ;  2330  o  583  3  89 


2.01 
2.98 

4.82 
5.60 


397;  396 
801 ;  802 
1 198; 1 199 
1 605 ; 1 606 
2005 ;  2<x)5 
2404; 2401 


o  99 

2  (X) 

3  .(X) 

4  01 

5  f" 
6.<X) 


A  comparison  of  the  duplicate  readings  shows  how  closely 
areas  can  be  measured  by  means  of  the  planimeter :  it  is  evi- 
dent that  these  measurements  can  be  made  far  more  closely 
than    a    chemical    analysis    is    usually    made.     Since    x  and 

r 

\    (10  —  xY.dt  are  identical,  the  exactness  of  the  method  of 
areas  can  not  Ix-  doubted.     The  value  of   the    approximation, 


LlA^ 


(uncral  Mvthini  of  Cn/di/dlinn  in  A't'/tt/us 


\\.\ 


/do  -  X)-,  differs  from  x  by  less  than  4  iktcoiU  whi'ti  v  is 
5.  It  is  fvidi-nt  from  tlrs,  that  equation  (ly)  is  appHeable  to 
the  first  half  of  bi-molecular  reactions  (and  consecjueiitly  io 
reactions  of  a  higher  order  when  all  the  concentrations  but 
two,  linearly  involved,  are  practically  non-variant).  Hence  in 
such  cases  equatons  (20)  and  (23)  may  be  employed  to  cal- 
culate the  values  of  the  constant  and  the  eyp<ments,  and  where 
a  deviation  occurs  in  an  exponent,  to  trace  this  variation. 
If  desirable,  a  correction  can  be  made  by  estimating  the  per- 
centage error. 

The  above  examples  are  sufficient  to  show  the  applica- 
bility of  the  Method  of  Areas  and  the  Metho«l  of  Approximate 
Uffective  Averages.  At  present  I  am  employing  these  methods 
in  the  study  of  some  cases  of  complex  oxidation,  and  also  in 
the  recalculation  of  some  kinetic  measurements  which  have 
appeared  in  the  chemical  journals. 

Summary 

I.  An  outline  of  the  methods  that  have  been  used  in  the 
computations  occurring  in  the  study  of  Chemical   Kinetics,   is 

given. 

II.  A  "  AftZ/M/  o/Arens"  is  described.  The  Kinetic 
Equation  is  used  in  the  following  form, 

x=-  K.\    F{x).dt 


and  in  the  case  of  reverse  or  successive  reactit)ns,  in  the  form, 
X  =  K,.  \    F,(x).rf/  ±  K,.  \  h\{x).d/. 


The  curve  F(.r),    /     is    plotted,   the   areas  \    Im.v).<//  are  then 

measured  by  means  of  a  planimeter,  and  the  values  of  K  are 
calculated  from  the  values  of  x,  and  thus  the  correctness  of 
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the-  assiiim-(l  function,  I- (x),  is  Usted.     The  anas  can  be  nieas- 
urcd  as  accurately  as  tlic  cxjioriinental  data  will  warrant. 

III.     A   "  'fftiiod   of    .Ifiproxinmtc  Ejjciliic    .\:rn\i;(s''  is 
dcsiribcd.      i  lie  Kinetic  Ivcjuation  is  used  in  the  form, 


(a   ;l|.v.,i/)'(B--;^x.<//)", 


winch  is  a  close  approximation  under  certain  ccmditions. 
This  e(iuati(m  may  he  used  in  the  following  form  to  calculate 
approximately  the  values  of  K,  /.  w,.  .  hy  taking  a  suflicient 
number  of  values  of  x. 


()  -  loR  K      / 


log  (i 


.log  ( 


B 


.dt\ 


log 


The  following  eciuation  may  be  use<l  in  some  cases  in  tracing 
the  variation  in  an  exponent   (>   varying). 


^k(a-;1  w/)'l 

♦  'o  •  'c 


(A  -~x)'-'  (H     -  A)" 


dt. 


IV.     >Some  examples  showing  the  applicability  and  ac- 
curacy of  the  above  methods  are  given. 

I  am  glad  of  this  opportunity  of  expressing  my  gratitude 
to  Trofessor  VV.  Lash  Miller.     Without  the  training  and  help 
I  have  received  from  him,  the  above  problems  would  doubtless 
never  have  occurred  to  me. 
VniiTrsity  of  Toronto, 
.1/11  nh,  u^)(> 
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